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Let R be a commutative algebra over a eld k. We prove two related results on
the simplicity of Lie algebras acting as derivations of R. If D is both a Lie subalgebra
and R-submodule of Derk R such that R is D-simple and either char k 6= 2 or D
is not cyclic as an R-module or DR = R, then we show that D is simple. This
extends a previous result from the author (1986, J. London Math. Soc. (2) 33, 33
39) so as to include characteristic 2. If 1 is a Lie subalgebra of Derk R then we
show that R⊗k 1 is simple if and only if R is 1-simple, the action of R⊗k 1 on R is
faithful, and, if chark = 2 and dimk 1 = 1, 1R = R. This generalizes the weaker
of two forms of a result by D. S. Passman (1998, J. Algebra 34, 682692), where 1
is abelian. However, a stronger form, in which the action of R⊗k 1 is replaced by
that of R1 ⊗k 1, does not generalize. ' 2000 Academic Press
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1. INTRODUCTION
Let k be a eld and let R be a commutative, associative k-algebra with
identity. We shall discuss possible generalizations of results from [2, 3] on
the simplicity of Lie algebras of derivations of R.
Let Derk R denote the Lie algebra of all k-derivations of R. This has
an R-module structure given by rδs = rδs for all r; s ∈ R and all
δ ∈ Derk R. A basic formula for calculations in Derk R is
rδ; sγ = rδsγ − sγrδ+ rsδ; γ; (1)
where δ; γ ∈ Derk R and r; s ∈ R.
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For a Lie subalgebra L of Derk R, an ideal I of R is an L-ideal if δI ⊆ I
for all δ ∈ L and R is said to be L-simple if the only L-ideals of R are R
and 0. The algebra of constants for L is the k-subalgebra RL x= r ∈ R x
δr = 0 for all δ ∈ L.
The following result was proved in [2, Theorem 3], generalizing an ear-
lier result from [1] on the case where D is generated as an R-module by
commuting derivations.
Theorem 1. Let D be a Lie subalgebra of Derk R such that D is also an
R-submodule of Derk R. If R is D-simple and chark 6= 2 then D is a simple
Lie algebra.
The viewpoint in [3] is rather different. If 1 is a Lie algebra of
k-derivations of R then R ⊗k 1 acts as derivations on R by the rule
r ⊗ δs = rδs and the following formula, related to (1), extends, by
linearity, to give a Lie algebra structure to R⊗k 1,
r ⊗ δ; s ⊗ γ = rδs ⊗ γ − sγr ⊗ δ+ rs ⊗ δ; γ: (2)
There is a Lie homomorphism θ1 x R ⊗k 1 → Derk R given by θ1r ⊗ δ
= rδ. The image θ1R⊗k 1 is both a Lie subalgebra and R-submodule of
Derk R.
Remark 1. As in [3], there are two conditions which are necessary for
R⊗k 1 to be simple. If R⊗k 1 is simple then ker θ1 = 0, that is, the action
of R⊗k 1 on R is faithful. Also, by (2), I ⊗k 1 is a proper non-zero ideal of
R⊗k 1 for any proper non-zero 1-ideal I of R, so R is 1-simple if R⊗k 1
is simple.
Passman [3, Theorems 1.2 and 1.3] proves the following.
Theorem 2. Suppose that 1 consists of commuting derivations. Then
R⊗k 1 is simple if and only if R is 1-simple, the action of R1 ⊗k 1 on R is
faithful, and, if chark = 2 and dimk 1 = 1, 1R = R.
Our purpose here is to decide whether, in view of Theorem 2, Theorem 1
can be generalized to include characteristic two and whether, in view of
Theorem 1, the condition that 1 consists of commuting derivations can be
dropped from Theorem 2. We shall see that the answer to the rst question
is positive and that, although Passman’s Theorem does not generalize in
the above form, it does generalize in a weaker form, where the action of
R1 ⊗k 1 is replaced by that of R⊗k 1.
582 david a. jordan
2. RESULTS
In the remainder of the paper, D will denote a Lie subalgebra of Derk R
such that D is also an R-submodule.
Denition 1. Let J be an ideal of D. Set
J˜ = δ ∈ D x Rδ ⊆ J and gJ =X
δ∈J
RδR:
By [2, Lemma 3], gJ is a D-ideal of R. Clearly J˜ ⊆ J.
Lemma 1. Let J be an ideal of D. Then J˜ is both an ideal and R-
submodule of D.
Proof. Clearly J˜ is a k-subspace of D. Let δ ∈ J˜, γ ∈ D, and r ∈ R.
Then Rrδ ⊆ Rδ ⊆ J so J˜ is an R-submodule. By (1) with s = 1,
rδ; γ = rδ; γ + γrδ ∈ J;D + J = J:
Thus J˜ is an ideal of D.
Theorem 3. Let 0 6= J be an ideal of D.
(i) If J is an R-submodule of D then there exists a non-zero D-ideal I of
R such that ID ⊆ J.
(ii) If R is D-simple then either J˜ = 0 or J = D.
Proof. Part (i) is [2, Theorem 1]. For (ii), if J˜ 6= 0 then by Lemma 1, (i)
and the D-simplicity of R, D ⊆ J˜ ⊆ J.
Lemma 2. Let J be an ideal of D. Let a ∈ R, γ ∈ J, and δ ∈ D. Then
δγaγ + γ2aδ ∈ J˜.
Proof. Let b ∈ R. By (1) with δ = γ, r = 1, and s = a, γaγ = γ; aγ
∈ J. Hence bδ; γaγ ∈ J. By (1) with r = b and s = γa,
bδ; γaγ = bγaδ; γ + bδγaγ − γaγbδ ∈ J: (3)
Also bγaδ; γ ∈ J: But, applying (1) with r = bγa and s = 1,
bγaδ; γ = bγaδ; γ − γbγaδ
= bγaδ; γ − bγ2aδ− γbγaδ ∈ J:
By (3) and (2),
bδγaγ + γ2aδ ∈ J for all b ∈ R;
that is, δγaγ + γ2aδ ∈ J˜ as required.
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The Case chark 6= 2: Lemma 2 leads directly to a simpler proof of
Theorem 1. Suppose that char k 6= 2 and that R is D-simple. Let J be
a proper ideal of D and let γ ∈ J. By Theorem 3(ii), J˜ = 0. Let a ∈ A.
Applying Lemma 2 with δ = γ, 2γ2aγ = 0, whence γ2aγ = 0. Replacing
a by a2, 2γa2 + aγ2aγ = 0, whence γa2γ = 0 and γa3 = 0. Thus
the generators of the D-ideal gJ are nilpotent and so gJ is nil and
hence proper. By D-simplicity, gJ = 0 and therefore J = 0. Thus D is
simple.
The Case chark = 2: Until further notice, suppose that chark = 2.
Let UR denote the group of units of R and let NR denote the ideal
a ∈ R x a2 = 0.
Lemma 3. Suppose that R is D-simple and let r ∈ R. Either r ∈ NR or
r ∈ UR.
Proof. For all δ ∈ D, δr2 = 0 so r2R is a D-ideal of R, whence either
r2R = 0 or r2R = R.
Lemma 4. Suppose that R is D-simple and let J be an ideal of D such
that γ2R 6⊆ NR for some γ ∈ J. Then either D = Rγ or J = D.
Proof. By Lemma 3, there exists a ∈ R such that γ2a ∈ UR. By
Lemma 2, δγaγ + γ2aδ ∈ J˜ for all δ ∈ D. If δγaγ + γ2aδ 6= 0 for
some δ ∈ D then 0 6= J˜ and, by Theorem 3(ii), J = D. If δγaγ+ γ2aδ =
0 for all δ ∈ D then, as γ2a ∈ UR, D = Rγ.
Lemma 5. Suppose that R is D-simple and let J be an ideal of D such
that γ2R ⊆ NR for all γ ∈ J. Then J; J = 0.
Proof. Suppose that J; J 6= 0. Then 0 6= gJ; J so, by D-simplicity
of R, gJ; J = R 6⊆ NR. Hence there exist γ; δ ∈ J and a ∈ R such
that γ; δa /∈ NR. But γ2a ∈ NR; δ2a ∈ NR and γ + δ2a ∈
NR, whence γδ + δγa ∈ NR. But as chark = 2, γδ + δγ = γ; δ
so we have a contradiction. Therefore J; J = 0.
Theorem 4. Suppose that chark = 2, that R is D-simple, and that D is
not cyclic as an R-module. Then D is a simple Lie algebra.
Proof. Suppose that D has an ideal J 6= 0;D. As J 6= D and D is not
cyclic, it follows from Lemmas 4 and 5 that J; J = 0. Let 0 6= γ ∈ J. As
J; J = 0, the annihilator annR γ is a J-ideal of R. By [2, Lemma 4], RJ is
an ideal of D so, by Theorem 3, D = RJ. Therefore annR γ is a D-ideal,
whence annR γ = 0. By (1), γ2aγ = γ; γ; aγ ∈ J; J = 0 for all a ∈ R.
As annR γ = 0, γ2 = 0. By Lemma 2 and Theorem 3(ii), δγaγ = 0 for
all δ ∈ D, whence δγ = 0 for all δ ∈ D and all γ ∈ J, that is, DJ = 0.
Let r ∈ R be such that γr 6= 0. As δγr = 0 for all δ ∈ D, it follows
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by D-simplicity that γr ∈ UR. Applying a method from the proof of
[3, Lemma 2.6(ii)], for s ∈ R,
0 = δγrs = δrγs + γrδs;
whence δ = γr−1δrγ ∈ Rγ and D = Rγ, contradicting the hypothesis
that D is not cyclic.
Example 1. In the cyclic case, it is possible to have DJ = 0 with J 6= 0.
To see this, let R = kx/x2, let γ be the derivation of R induced by d/dx,
and let t = x. Let D = Derk R = kγ + ktγ. This is the unique non-simple
split JacobsonWitt algebra [4, Chap. V, Sect. 4A]. Then R is D-simple,
J x= kγ is a non-zero proper ideal of D, and, as γ2 = 0, DJ = 0.
Returning to the general case, we have the following.
Theorem 5. Suppose that R is D-simple.
(i) D is a simple Lie algebra except possibly when chark = 2 and D is
cyclic as an R-module.
(ii) If chark = 2 and D = Rδ is cyclic as an R-module then D is a
simple Lie algebra if and only if δR = R.
Proof. Part (i) follows on combining Theorems 1 and 4. For (ii), suppose
that D = Rδ is cyclic and note that annR δ is a D-ideal of R, whence the
action of R ⊗k kδ on R is faithful and R ⊗k kδ ' RD. The result then
follows from Theorem 2.
Remark 2. The condition δR = R in (ii) is independent of the choice
of the generator, because, by D-simplicity, D is free and every generator
has the form uδ, u ∈ UR.
Remark 3. The converse to Theorem 5(i) is false. For example, let R =
x ⊕  and let D = Der R. Then D ' Der x is simple but R is
clearly not D-simple.
Remark 4. Theorem 2 does not generalize to non-commuting deriva-
tions. For example, let R = x, let δ = d/dx, and let 1 = δ + xδ. As
δ; xδ = δ, 1 is a two-dimensional Lie algebra of derivations of R. Here
x ⊗ δ − 1 ⊗ xδ ∈ ker θ1 so the action of R ⊗ 1 is not faithful and, al-
though θ1R⊗ 1 = Der R is simple, R⊗ 1 is not simple. However, in
this example, R1 =  and R1 ⊗ 1 = 1 does act faithfully on R and, in
general, we have the following result.
Theorem 6. Let 1 be a non-zero Lie algebra of k-derivations of R. Then
R⊗k 1 is simple if and only if R is 1-simple, the action of R⊗k 1 on R is
faithful, and, if chark = 2 and dimk 1 = 1, 1R = R.
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Proof. Suppose that R is 1-simple, the action of R⊗k 1 on R is faithful,
and, if chark = 2 and dimk 1 = 1, 1R = R. Then, as the action is faithful,
R ⊗k 1 ' R1, which is simple by Theorem 5. Conversely, suppose that
R⊗k 1 is simple. We have already observed in Remark 1 that R is 1-simple
and the action of R⊗k 1 on R is faithful. By Theorem 2, if chark = 2 and
dimk 1 = 1 then 1R = R.
Example 2. Several examples are discussed in [2, 3]. As observed in
both these papers, the most obvious situation where R is D-simple is where
R is a eld extension of k. We give here one example not covered by
the results of those papers. Thus chark = 2 and D is not generated by
commuting derivations.
Let k be a eld of characteristic 2 and let R be the eld kx1; x2. Let
D = Rδ+ Rγ, where δ = d/dx1 + d/dx2 and γ = x1d/dx1 + x2d/dx2. By
(1), δ; γ = δ so D is a Lie subalgebra and R-submodule of Derk R. It is
not cyclic, so by Theorem 4, D is simple.
REFERENCES
1. D. A. Jordan, Simple Lie rings of derivations of commutative rings, J. London Math. Soc.
(2) 18 (1978), 443448.
2. D. A. Jordan, On the ideals of a Lie algebra of derivations, J. London Math. Soc. (2) 33
(1986), 3339.
3. D. S. Passman, Simple Lie algebras of Witt type, J. Algebra 34 (1998), 682692.
4. G. B. Seligman, Modular Lie algebras, in Ergebnisse der Mathematik und ihrer Grenz-
gebiete, Vol. 40, Springer-Verlag, Berlin/Heidelberg, 1967.
